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Let ϕ(q) =∑∞n=−∞ qn2 (|q| < 1). For k ∈ N it is shown that there
















A(k, j)ϕ4 j+2(q)ϕ4k−4 j(−q),
where E2k is an Euler number. Similarly it is shown that there exist














B(k, j)ϕ4 j+2(q)ϕ4k−4 j(−q).
Recurrence relations are given for the A(k, j) and B(k, j).
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let N denote the set of positive integers and N0 = N ∪ {0}. Throughout this paper q denotes a
complex variable with |q| < 1. The Bernoulli numbers Bn (n ∈ N0) are deﬁned by
t





n, |t| < 2π, (1.1)
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2n, |x| < π/2. (1.2)
The ﬁrst few values are
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
B0 = 1, B1 = − 12 , B2 = 16 , B3 = 0, B4 = − 130 , B5 = 0,
B6 = 1
42
, B7 = 0, B8 = − 1
30
, B9 = 0, B10 = 5
66
, B11 = 0,
B12 = − 691
2730
, B13 = 0, B14 = 7
6
, B15 = 0, B16 = −3617
510




E0 = 1, E2 = −1, E4 = 5, E6 = −61, E8 = 1385, E10 = −50521,
E12 = 2702765, E14 = −199360981, E16 = 19391512145, . . . . (1.4)






, |q| < 1. (1.5)







1, if k ≡ 1 (mod 4),
−1, if k ≡ 3 (mod 4),
0, if k ≡ 0 (mod 2).
(1.6)



















qn = ϕ2(q). (1.7)





























In this paper we generalize the identities in (1.8) and (1.9) by showing that each of
























qn (k ∈ N) (1.11)
can be expressed as a polynomial in ϕ(q) and ϕ(−q) with rational coeﬃcients, and we give recurrence
relations for these coeﬃcients.
For k ∈ N with k  2 and (t,u) ∈ N20 with 2t + 3u = k we deﬁne the rational numbers ak(t,u)
recursively by
a2(1,0) = 1, (1.12)
a3(0,1) = 1, (1.13)
ak(t,u) = −3k(k − 1)(2k − 3)













al(r, s)ak−l(t − r,u − s), k 4. (1.14)
The ﬁrst few values are
a4(2,0) = 1, (1.15)
a5(1,1) = 1, (1.16)
a6(0,2) = 250
691
, a6(3,0) = 441
691
, (1.17)
a7(2,1) = 1, (1.18)
a8(1,2) = 2000
3617
, a8(4,0) = 1617
3617
. (1.19)






If n /∈ N we set σk(n) = 0. We also set σ(n) := σ1(n). The Eisenstein series Ek(q) (k ∈ N) is deﬁned by









A. Alaca et al. / Journal of Number Theory 129 (2009) 1404–1431 1407It is known that E1(q), E2(q) and E3(q) are algebraically independent [9, p. 69]. In Section 2 we prove
the following result, which makes explicit a result of Ramanujan. This result, in which we identify a
recursion for the coeﬃcients ak(t,u), is one of the main tools of this paper.








where ak(t,u) is given recursively by (1.12)–(1.14).




ak(t,u) = 1. (1.24)




(10t − 21u)ak(t,u) = − k6B2k . (1.25)
It is easy to obtain more identities of the type (1.24) and (1.25) by further differentiations of (1.23).









t1 + t2 + t3
t1, t2, t3
)(
u1 + u2 + u3 + u4
u1,u2,u3,u4
)









t1 + t2 + t3
t1, t2, t3
)(
u1 + u2 + u3 + u4
u1,u2,u3,u4
)









t1 + t2 + t3
t1, t2, t3
)(
u1 + u2 + u3 + u4
u1,u2,u3,u4
)
ak(t1 + t2 + t3,u1 + u2 + u3 + u4). (1.28)
In Section 3 we prove the following result.
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Values of e1( j,k).
e1(2,0) = 16 e1(5,2) = −2080 e1(7,3) = 44800
e1(2,1) = −16 e1(5,3) = 560 e1(7,4) = −11264
e1(2,2) = 1 e1(5,4) = −14 e1(7,5) = 768
e1(3,0) = −64 e1(5,5) = −1 e1(7,6) = 2
e1(3,1) = 96 e1(6,0) = 4096 e1(7,7) = −1
e1(3,2) = −30 e1(6,1) = −12288 e1(8,0) = 65536
e1(3,3) = −1 e1(6,2) = 13056 e1(8,1) = −262144
e1(4,0) = 256 e1(6,3) = −5632 e1(8,2) = 409600
e1(4,1) = −512 e1(6,4) = 536856
691
e1(8,3) = −311296




e1(4,3) = −32 e1(6,6) = 1 e1(8,5) = −63460352
3617
e1(4,4) = 1 e1(7,0) = −16384 e1(8,6) = 2115200
3617
e1(5,0) = −1024 e1(7,1) = 57344 e1(8,7) = −15488
3617
e1(5,1) = 2560 e1(7,2) = −75264 e1(8,8) = 1







4k−4 j(q)ϕ4 j(−q). (1.29)
In Sections 4–6, using (1.23) and (1.24), we prove Theorems 1.3–1.5 respectively. These theorems
give some of the values of the er(k, j).
Theorem 1.3. For k ∈ N with k 2
e1(k,0) = (−1)k22k, (1.30)
e1(k,1) = (−1)k+1k22k−1, (1.31)
e1(k,2) = (−1)kk(4k − 7)22k−5, (1.32)
e1(k,3) = 1
3
(−1)k+1k(k − 2)(4k − 13)22k−6, (1.33)




e1(k,k) = (−1)k, (1.35)
k∑
j=0
e1(k, j) = 1. (1.36)
The ﬁrst few values of the e1(k, j) are given in Table 1.
Theorem 1.4. For k ∈ N with k 2
e2(k,0) = (−1)k, (1.37)
e2(k,1) = 1 (−1)k+1k, (1.38)2
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Values of e2( j,k).
e2(2,0) = 1 e2(5,2) = −1 e2(7,3) = 5
2
e2(2,1) = −1 e2(5,3) = −1 e2(7,4) = 5
2








e2(6,0) = 1 e2(7,7) = −1
e2(3,2) = 3
2
e2(6,1) = −3 e2(8,0) = 1
e2(3,3) = −1 e2(6,2) = 4917
1382
e2(8,1) = −4








e2(4,2) = 3 e2(6,5) = −3 e2(8,4) = 14723
3617
e2(4,3) = −2 e2(6,6) = 1 e2(8,5) = −17372
3617
e2(4,4) = 1 e2(7,0) = −1 e2(8,6) = 22670
3617



















3− 2(4k − 13)B2k
)
, (1.40)
e2(k,k − j) = e2(k, j), j = 0,1, . . . ,k, (1.41)
k∑
j=0
e2(k, j) = 1. (1.42)
The ﬁrst few values of the e2(k, j) are given in Table 2.









e4(k,k − j) = e4(k, j), j = 0,1, . . . ,k, (1.45)
k∑
j=0
e4(k, j) = 1. (1.46)
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The ﬁrst few values of the e4(k, j) are given in Table 3.
For k ∈ N and j ∈ {1,2, . . . ,k}, we set
f (k, j) := e1(k, j) −
(
22k + 2)e2(k, j) + 22k+1e4(k, j), k 2, (1.47)
and
f (1,1) = 3. (1.48)
For k ∈ N and j ∈ {0,1, . . . ,k}, we set
g(k, j) := e1(k, j) −
(




, g(1,1) = 3
2
. (1.50)
From (1.47)–(1.50) and Theorem 1.2, we obtain the following two results, see Sections 7 and 8.
Theorem 1.6. For k ∈ N
Ek(q) −
(
22k + 2)Ek(q2)+ 22k+1Ek(q4)= k∑
j=1
f (k, j)ϕ4k−4 j(q)ϕ4 j(−q). (1.51)
A. Alaca et al. / Journal of Number Theory 129 (2009) 1404–1431 1411Table 4
Values of f ( j,k).
f (2,1) = 30 f (5,4) = −2541 f (7,5) = 76023
f (2,2) = −15 f (5,5) = 1023 f (7,6) = −57339
f (3,1) = 63 f (6,1) = 8190
691
f (7,7) = 16383
f (3,2) = −63 f (6,2) = −20475
691
f (8,1) = 2040
3617
f (3,3) = 63 f (6,3) = 5683860
691
f (8,2) = −7140
3617
f (4,1) = 60 f (6,4) = −8505315
691
f (8,3) = 114352200
3617
f (4,2) = −90 f (6,5) = 8493030
691
f (8,4) = −285862650
3617
f (4,3) = 540 f (6,6) = −4095 f (8,5) = 1176849480
3617
f (4,4) = −255 f (7,1) = 3 f (8,6) = −1479415140
3617
f (5,1) = 33 f (7,2) = −9 f (8,7) = 948161400
3617
f (5,2) = −66 f (7,3) = 18693 f (8,8) = −65535
f (5,3) = 2574 f (7,4) = −37371
Theorem 1.7. For k ∈ N
Ek(q) −
(
22k−1 + 1)Ek(q2)+ 22k−1Ek(q4)= k∑
j=0
g(k, j)ϕ4k−4 j(q)ϕ4 j(−q). (1.52)
From Theorems 1.3–1.5 and (1.47)–(1.50) we obtain the values of the f (k, j) and g(k, j) given in
Theorems 1.8 and 1.9, see Sections 9 and 10.
Theorem 1.8. For k ∈ N








1− 2(22k − 1)B2k), k 2, (1.54)
f (k,k) = (−1)k+1(22k − 1), (1.55)
k∑
j=1
f (k, j) = 22k − 1. (1.56)
The ﬁrst few values of the f (k, j) are given in Table 4.





22k − 1), (1.57)
g(k,1) = (−1)
k+1k (
1+ 2(22k − 1)B2k), (1.58)8B2k
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Values of g( j,k).
g(2,0) = 15
2
g(5,2) = −1320 g(7,3) = 28032
g(2,1) = 0 g(5,3) = 1320 g(7,4) = −28032
g(2,2) = −15
2






















g(6,3) = 0 g(8,2) = 739704000
3617




g(4,2) = 0 g(6,5) = 4242420
691
g(8,4) = 0












g(7,1) = 28671 g(8,7) = 474079680
3617
g(5,1) = 1287 g(7,2) = −38016 g(8,8) = −65535
2
g(k,k − j) = −g(k, j), j = 0,1, . . . ,k, (1.59)
k∑
j=0
g(k, j) = 0. (1.60)
The ﬁrst few values of the g(k, j) are given in Table 5.
We are now ready to deﬁne the A(k, j) (k ∈ N, j ∈ {0,1, . . . ,k − 1}) recursively by





















f (k − l,m)A(l,n) (1.61)
and
A(1,0) = 1, (1.62)
and the B(k, j) (k ∈ N, j ∈ {0,1, . . . ,k}) by
A. Alaca et al. / Journal of Number Theory 129 (2009) 1404–1431 1413Table 6
Values of A( j,k).






















































































g(k − l,m)B(l,n) (1.63)
and
B(1,0) = − 1
16
, B(1,1) = 1
16
. (1.64)
The ﬁrst few values of the A(k, j) are given in Table 6 and those of B(k, j) in Table 7.
In Sections 11 and 12 we prove the two main results of this paper.
















A(k, j)ϕ4 j+2(q)ϕ4k−4 j(−q),
where the A(k, j) are given recursively by (1.61) and (1.62).














B(k, j)ϕ4 j+2(q)ϕ4k−4 j(−q),
where the B(k, j) are given recursively by (1.63) and (1.64).
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Theorem 1.10 is reasonably deep, at the level of Watson’s quintuple product identity via Eq. (11.9),
and Theorem 1.11 is even deeper, as it relies on Ramanujan’s striking equation (12.9) via the Ramanu-
jan 1ψ1 summation. Our proofs of Theorems 1.10 and 1.11 extend Jacobi’s formulae for six squares,
and the case k = 2 of these two theorems allow us to recover the classical formula for ten squares
presented in Section 13. The value of this paper is that it aids in the effective computation of various
aspects of Ramanujan’s identities for Eisenstein series and theta functions.
2. Proof of Theorem 1.1
Let k ∈ N. Ramanujan [6], [7, p. 141] has asserted, and Berndt [3, p. 96] has proved, that there exist







u, k 2. (2.1)
Clearly
a2(1,0) = 1, a3(0,1) = 1. (2.2)
Following Skoruppa [9, p. 68] we set
A. Alaca et al. / Journal of Number Theory 129 (2009) 1404–1431 1415G2k := − B2k4k +
∞∑
n=1
σ2k−1(n)qn, k 1, (2.3)
so that by (1.21) we have
G2k = − B2k4k Ek(q), k 1. (2.4)
From [9, Eq. (2), p. 69] (see also [5, p. 266] and [8, p. 108]) we have
(2k + 1)(2k − 6)







G2lG2k−2l, k 4. (2.5)
Using (2.4) in (2.5) we obtain
Ek(q) = − 3k(k − 1)(2k − 3)









El(q)Ek−l(q), k 4. (2.6)






u = − 3k(k − 1)(2k − 3)





















= − 3k(k − 1)(2k − 3)
















al(r, s)ak−l(t − r,u − s)E2(q)t E3(q)u .
As E2(q) and E3(q) are algebraically independent over Q, we deduce for (t,u) ∈ N20, 2t+3u = k, k 4
ak(t,u) = − 3k(k − 1)(2k − 3)











al(r, s)ak−l(t − r,u − s).
This completes the proof of Theorem 1.1.
1416 A. Alaca et al. / Journal of Number Theory 129 (2009) 1404–14313. Proof of Theorem 1.2
Let k ∈ N be such that k 2. We just prove the theorem for r = 1 as the cases r = 2 and r = 4 can
be treated similarly. We give a veriﬁcation proof in which we start with the right-hand side. We set
(as in [3, Eqs. (5.2.27), (5.2.29), p. 120])
x = 1− ϕ
4(−q)
ϕ4(q)
, z = ϕ2(q). (3.1)
From [3, Theorem 5.4.11, p. 126; Theorem 5.4.12, p. 127], we have
E2(q) =
(




1− 33x− 33x2 + x3)z6. (3.3)
From (3.1)–(3.3) we deduce
E2(q) = 16ϕ8(q) − 16ϕ4(q)ϕ4(−q) + ϕ8(−q) (3.4)
and
E3(q) = −64ϕ12(q) + 96ϕ8(q)ϕ4(−q) − 30ϕ4(q)ϕ8(−q) − ϕ12(−q). (3.5)
By the multinomial theorem we have
E2(q)









(−1)t224t1+4t2ϕ8t1+4t2 (q)ϕ4t2+8t3 (−q) (3.6)
and
E3(q)










× ϕ12u1+8u2+4u3 (q)ϕ4u2+8u3+12u4(−q). (3.7)











t +2t +u +2u +3u = j
(−1)t2+u1+u3+u424t1+4t2+6u1+5u2+u33u2+u35u32 3 2 3 4
A. Alaca et al. / Journal of Number Theory 129 (2009) 1404–1431 1417×
(
t1 + t2 + t3
t1, t2, t3
)(
u1 + u2 + u3 + u4
u1,u2,u3,u4
)
ak(t1 + t2 + t3,u1 + u2 + u3 + u4)








t1 + t2 + t3
t1, t2, t3
)(
u1 + u2 + u3 + u4
u1,u2,u3,u4
)


































which completes the proof in the case r = 1.
4. Proof of Theorem 1.3


























by (1.24). This proves (1.30).



















































by (1.24). This proves (1.31).
5. Proof of Theorem 1.4
We prove (1.41) and (1.42). Formulae (1.37)–(1.40) can be proved using similar techniques.
For k ∈ N with k 2 and j ∈ {0,1, . . . ,k} we have








t1 + t2 + t3
t1, t2, t3
)(
u1 + u2 + u3 + u4
u1,u2,u3,u4
)









t1 + t2 + t3
t1, t2, t3
)(
u1 + u2 + u3 + u4
u1,u2,u3,u4
)
ak(t1 + t2 + t3,u1 + u2 + u3 + u4).
In this sum we map (t1, t2, t3,u1,u2,u3,u4) → (t3, t2, t1,u4,u3,u2,u1). The quantities t2 + u1 + u4,
u2 + u3, t1 + t2 + t3 and u1 + u2 + u3 + u4 are preserved under this transformation, and the condition
2t1 + t2 + 3u1 + 2u2 + u3 = j becomes t2 + 2t3 + u2 + 2u3 + 3u4 = j. Thus e2(k,k − j) = e2(k, j) as
asserted.









Taking q = 0, we obtain (as ϕ(0) = 1 and Ek(0) = 1)
k∑
j=0
e2(k, j) = 1,
which is (1.42).
6. Proof of Theorem 1.5
We prove (1.44). Formulae (1.43), (1.45) and (1.46) can be proved by similar techniques.














































(14t − 33u)ak(t,u) = (−1)k22ke4(k,1).





























7. Proof of Theorem 1.6
For k ∈ N with k 2 we have by (1.47) and Theorems 1.2–1.5
k∑
j=1






22k + 2)e2(k, j) + 22k+1e4(k, j))ϕ4k−4 j(q)ϕ4 j(−q)
= Ek(q) −
(




22k + 2)e2(k,0) + 22k+1e4(k,0)
= (−1)k22k − (22k + 2)(−1)k + 2(−1)k
= 0.
It remains to treat the case k = 1. By [3, pp. 125, 128] we have














z2 + 3x(1− x)zdz
dx
. (7.3)




)+ 8E1(q4)= 3(1− x)z2 = 3ϕ4(−q) = f (1,1)ϕ4(−q),
as required.
A. Alaca et al. / Journal of Number Theory 129 (2009) 1404–1431 14218. Proof of Theorem 1.7
For k ∈ N with k 2 we have by Theorem 1.2 and (1.49)
Ek(q) −
(











g(k, j)ϕ4k−4 j(q)ϕ4 j(−q).












= g(1,0)ϕ4(q) + g(1,1)ϕ4(−q),
as required.
9. Proof of Theorem 1.8
This theorem follows from (1.47), (1.48) and Theorems 1.3–1.5.
10. Proof of Theorem 1.9
Eqs. (1.57), (1.58) and (1.60) follow from (1.49), (1.50) and Theorems 1.3–1.5.
Appealing to (1.26)–(1.28), we obtain after some calculation
e1(k, j) + e1(k,k − j) −
(
22k + 2)e2(k, j) + 22ke4(k, j) = 0, k ∈ N, k 2, j ∈ {0,1, . . . ,k}.
Then, by (1.41), (1.45) and (1.49), we have
g1(k,k − j) = e1(k,k − j) −
(
22k−1 + 1)e2(k,k − j) + 22k−1e4(k,k − j)
= e1(k,k − j) −
(
22k−1 + 1)e2(k, j) + 22k−1e4(k, j)
= −e1(k, j) +
(
22k−1 + 1)e2(k, j) − 22k−1e4(k, j)
= −g1(k, j),
which proves (1.59).
1422 A. Alaca et al. / Journal of Number Theory 129 (2009) 1404–143111. Proof of Theorem 1.10
For n ∈ N we deﬁne







1+ qm . (11.1)














































22k + 2)Ek(q2)+ 22k+1Ek(q4)),
so that




22k + 2)Ek(q2)+ 22k+1Ek(q4)), k ∈ N. (11.2)
From (11.2) and Theorem 1.6 we deduce
P2k(q) = − B2k4k
k∑
j=1
f (k, j)ϕ4k−4 j(q)ϕ4 j(−q), k ∈ N, (11.3)
where the rational numbers f (k, j) are deﬁned in (1.47). Appealing to the values of f (k, j) given in
Table 4 we obtain P2(q), P4(q), . . . , P16(q), see Table 8.
Recall from (1.10) that for k ∈ N0












From (1.7) we have (as E0 = 1)
F0(q) = ϕ2(q).
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so that by (11.4) we have




1− q2n−1 , k ∈ N0. (11.5)
Next we set
Q 2k(q) := E2k Fk(q)E0F0(q) , k ∈ N0, (11.6)
so that
Q 0(q) = 1. (11.7)














, k ∈ N0. (11.8)
1−q








22l+1P2l(q)Q 2k−2l(q), k ∈ N. (11.9)
Eq. (11.9) forms the basis for the inductive step. Moreover, (11.9) is what led us to the recursion


















22k−2l+1P2k−2l(q)Fl(q), k ∈ N. (11.10)




A(k, j)ϕ4 j+2(q)ϕ4k−4 j(−q),
where the A(k, j) satisfy (1.61).
12. Proof of Theorem 1.11





1− q4m−2 . (12.1)























































Using the elementary identity
σ2k−1(2N) −
(








22k−1 + 1)σ2k−1(N)q2N − 22k−1σ2k−1(N/2)q2N)
































22k−1 + 1)Ek(q2)+ 22k−1Ek(q4)),
which is (12.2).






g(k, j)ϕ4k−4 j(q)ϕ4 j(−q), k ∈ N. (12.3)


























1+ q2m . (12.6)












































































































q2k−1 sin2(2k − 1)θ




(2k − 1)(1− q4k−2)
(


































q2k−1 sin2(2k − 1)θ









From [2, Part III, p. 56] we have one of the key steps in this proof, namely,






















































































(2m − 1)!(2l)! θ
2n−1.
Equating coeﬃcients of θ2n−1 (n ∈ N), we obtain
(−1)n22n S∗2n(q)
(2n − 1)! =
(−1)n22n P∗2n(q)







(2l)!(2n − 2l − 1)!
so that










By (12.5) we have 1+ 4S∗0(q) = ϕ2(q) so (as S∗2n(q) = Gn(q))









B(k, j)ϕ4 j+2(q)ϕ4k−4 j(−q),
where the B(k, j) are given recursively by (1.63) and (1.64).
13. Sums of ten squares
As an application of Theorems 1.10 and 1.11 we recover the classical formula [4] for the number of
representations of n (n ∈ N) as the sum of ten squares, that is for
r10(n) = card
{
(x1, . . . , x10) ∈ Z10
∣∣ n = x21 + · · · + x210}. (13.1)




































From (13.2) and (13.3) we obtain





























Now, motivated by Eq. (9.15) on p. 119 of [4], we have
ϕ6(q)ϕ4(−q) − ϕ2(q)ϕ8(−q) = ϕ2(q)ϕ4(−q)(ϕ4(q) − ϕ4(−q))
= ϕ2(q)ϕ4(−q)16qψ4(q2),




















ϕ6(q)ϕ4(−q) − ϕ2(q)ϕ8(−q) = 16q
∞∏
n=1
(1− qn)4(1− q2n)2(1− q4n)4.

























































w(n), n ∈ N.
















1 1 1 1 20
2 1 16 −4 180
3 −80 80 0 960
4 1 256 16 3380
5 626 626 −14 8424
14. Final remarks
Taking q = 0 in Theorems 1.10 and 1.11 we obtain for k ∈ N
k−1∑
j=0
A(k, j) = 1 (14.1)
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ϕ24(q)ϕ4(−q) + 1584ϕ20(q)ϕ8(−q) − 1168ϕ16(q)ϕ12(−q) + 1168ϕ12(q)ϕ16(−q)








ϕ32(q) − 29049ϕ28(q)ϕ4(−q) + 45325ϕ24(q)ϕ8(−q) − 32552ϕ20(q)ϕ12(−q) + 32552ϕ12(q)ϕ20(−q)






B(k, j) = 0. (14.2)
















The referee has pointed out that Tables 4–9 suggest some conjectures concerning the signs of the
quantities appearing in them. We state these conjectures and comment brieﬂy upon each of them.




1, if x > 0,
0, if x = 0,
−1, if x < 0.
We recall that for k ∈ N we have
sgn B2k = (−1)k−1, sgn E2k = (−1)k, (−1)k−1B2k  1
2(22k − 1) . (14.5)
Conjecture 14.1. For j,k ∈ N with 1 j  k we have
sgn f (k, j) = (−1) j−1.
A. Alaca et al. / Journal of Number Theory 129 (2009) 1404–1431 1431From (1.53)–(1.55) and (14.5), we see that Conjecture 14.1 is true for j = 1, k − 1 and k. We have
veriﬁed Conjecture 14.1 numerically for all j ∈ N and k ∈ N satisfying k 20 and 1 j  k.
Conjecture 14.2. For j ∈ N0 and k ∈ N with 0 j  k we have for k ≡ 1 (mod 2)
sgn g(k, j) = (−1) j−1,
and for k ≡ 0 (mod 2)
sgn g(k, j) =
⎧⎨
⎩
(−1) j, if 0 j  (k/2) − 1,
0, if j = k/2,
(−1) j+1, if (k/2) + 1 j  k.
By (1.57)–(1.59) and (14.5), Conjecture 14.2 is true for j = 0, 1, k − 1 and k, as well as for j = k/2
when k is even. Further, when k is even, the conjecture for (k/2) + 1  j  k follows from that for
0  j  (k/2) − 1 by (1.59). We have veriﬁed Conjecture 14.2 numerically for all j ∈ N0 and k ∈ N
satisfying k 20 and 0 j  k.
Conjecture 14.3. For j ∈ N0 and k ∈ N with 0 j  k − 1 we have
A(k, j) > 0.
We have veriﬁed this conjecture for k 30. It is not clear whether it follows from Conjecture 14.1
and (1.61).
Conjecture 14.4. For j ∈ N0 and k ∈ N with 0 j  k we have
sgn B(k, j) = (−1) j+k.
We have veriﬁed this conjecture for all k  30. It is not apparent whether it follows from Conjec-
ture 14.2 and (1.62).
Assuming the truth of Conjecture 14.1, we see from (14.5) that the sign of the coeﬃcient of
ϕ4k−4 j(q)ϕ4 j(−q) in (11.3) is (−1) j+k−1. Similarly, assuming the truth of Conjecture 14.2, we see
from (14.5) that the sign of the coeﬃcient of ϕ4k−4 j(q)ϕ4 j(−q) in (12.3) is also (−1) j+k−1.
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